Introduction. It has recently been shown by Dixmier [2] , and also by Kirillov [7] , that a connected nilpotent Lie group G is CCR. This means that, if T is any irreducible unitary representation of G and fELi(G),
Tf is a completely continuous operator in the space of T. In this note we give a new proof of this fact.
The methods of Dixmier and Kirillov actually yield more than complete continuity. They are able to single out a dense subspace of 7>i(G) whose image under any irreducible unitary representation of G consists of operators with trace. Our proof does not give this extra information; on the other hand it requires considerably less analysis. It is based on Rosenberg's theorem [ll ] , which asserts that a separable C*-algebra which has (to within equivalence) only one irreduciblê representation must be *-isomorphic with the algebra of all completely continuous operators in some Hubert space. In terms of the hull-kernel topology of the dual space A of an arbitrary C*-algebra A, Rosenberg's result may be stated thus: An element T of A is completely continuous (i.e., Ta is completely continuous for all a in A) if and only if the one-element set { T] is closed in A. 1 The problem is thus reduced to that of showing that the dual space of a connected nilpotent Lie group is Ti (i.e., points are closed). This is done by an inductive procedure which, apart from the topological preliminaries, is a special case of Takenouchi's procedure in [12] .
In this paper, by a representation of a locally compact group G (or *-algebra A) we always mean a unitary representation (or a "'-representation with no null space) acting in a separable Hubert space. If G is a locally compact group, C*(G) will be its group C*-algebra (the completion of ¿i(G) under the minimal regular norm) ; we use the same letter for a representation of G and the corresponding representation of C*(G). A representation T of G is completely continuous if Ta is completely continuous for all a in C*(G). If N is a closed normal subgroup of G, and T' is a representation of G/A7, the representation T of G given by Tx = T'Nx is said to be lifted from T' ; if V is completely continuous, so is T.
Let Tí be a closed subgroup of G. If T is a representation of G, T\ K is the restriction of T to K; if 3 is a family of representations of G, 31K is the set of all T\ K, where TG3. If T is a representation of 7? , UT is the representation of G induced from 2" (see [8] ); if 3 is a family of representations of K, Î/3 is the set of all UT, where TG3. Let A be a C*-algebra (or a locally compact group). As in [3] , if S and 3 are two families of representations of A, we say that S is weakly contained in 3 if every positive functional on A associated with any representation in S is a weak * limit of sums of positive functional associated with representations in 3 (or, if every function of positive type on A associated with any representation in S is a uniform-on-compacta limit of sums of functions of positive type associated with representations in 3). If each is weakly contained in the other, S and 3 are weakly equivalent. Now assume that A is separable. Then A, the dual space of A, is defined as the family of all (equivalence classes of) irreducible representations of A, equipped with the so-called hull-kernel topology. Restricted to A, the relation of weak containment coincides with closure in the hull-kernel topology of A.
For more information on the hull-kernel topology, and the relations of weak containment and weak equivalence, we refer the reader to
[3]. (for some L in K). Each orbit is a Borel set (with respect to the Borel structure of K defined in [9] ). Now let T be an element of G. The restriction of T to K uniquely determines a projection-valued measure Pt on the Borel subsets of K, whose values are projections in the space H(T) of T. By the regular embeddedness of K, PT is confined to some orbit 6 (i.e., PT(K-6) =0) ; we say that Tis associated with 6, and refer to this 8 as dr. Let Ge be the set of all T in G which are asso-ciated with the orbit 6; more generally, if MEK and M is a union of orbits, Gm will be the set of all T in G which are associated with some orbit contained in M. A classification of Ge is afforded by the following fact:
Proposition l.4 Let 6 be an orbit, and L an element of 6 with stationary subgroup SL. Then the mapping W-*UW sets up a one-to-one correspondence between the family Ql of all elements W of (Sl) whose restriction to K is a multiple of L, and the family Ge. Now consider the topologies of K and G. Though the fact will not be needed here, we observe that the Borel structure of K is just that generated by the topology of K. Indeed, K being of Type I, the elements of K (considered as representations of C*(K)) are determined by their kernels (see [6, Theorem 1 ] ) ; so we may invoke Theorem 4.1 of [4] to obtain the desired conclusion.
For each x in G, the map L-*LX is a homeomorphism of K onto itself; hence the closure in K of a union of orbits is again a union of orbits. More generally, we have the following easy lemma: • The stronger statement that, if M is a union of orbits, the closure of Gm is Gm seems likely to be true, but may require a good deal more technical apparatus for its proof.
Lemma 4.7 Let 6 be an orbit and L an element of 6; and suppose that the following three conditions hold: (i) 6 is closed in K; (ii) St is normal; (iii) the natural map xSl-»7> of G/Sl onto 0 is a homeomorphism of G/Sl into K. Then the one-to-one correspondence W*-*UW between Ql and Ge (see Proposition 1) is a homeomorphism (with respect to the topologies of (Si) and G relativized to Ql and Ge respectively).
Proof. Theorem 4.1 of [5] asserts that the map W-+Uw is continuous. To show that its inverse is continuous, we suppose that Proof. We need consider only the case that A is a separable C*-algebra. The first statement of the proposition follows immediately from the definition of the hull-kernel topology. The second statement follows from Rosenberg's theorem [ll] (see the Introduction).
Returning to our fixed group G, we now have:
The proof of Lemma 4 actually does not require condition (i). Proof. This will be proved by induction in the dimension n of G. For n = 1 the theorem is trivial. So let n be greater than 1 ; and assume the theorem true for all connected nilpotent groups of dimension less than n.
Suppose first that the center C of G is of dimension greater than 1. If T is an irreducible unitary representation of G, T\ C is the identity operator multiplied by a character x of C. Since dim C^2, there is a one-dimensional closed subgroup K of C on which x -1; T will then be lifted from an irreducible unitary representation T' of G/K. Since G/K is nilpotent, connected, and of dimension less than n, T' is completely continuous by the inductive hypothesis. Hence so is T.
So it is enough to assume that dimC=l, i.e., C = £(8i). Let G2 = E(q,i); G2 is a closed normal Abelian subgroup of G, isomorphic with the two-dimensional vector group. Suppose that {u, v] is a basis of g2 with uE §i-Since [a, 82] C8i> there is a real linear functional X on 8 such that , where x, yE&); so S is closed, simply connected, and normal, and of dimension less than n. For fixed a^O, the correspondence E'(x + N)->Xo,x(x)a+6 (£' being the exponential mapping of 3/A7 onto G/S) is clearly a homeomorphism of G/S onto 0j. Thus each orbit in G2 satisfies all the conditions of Theorem 1. Now let T be any irreducible unitary representation of G. Since G2 is regularly embedded in G, T is associated with some orbit in G2.
Case I. T is associated with 6\, a¿¿0. By Proposition 1, T is of the form Uw, where WES. Since S is a connected nilpotent group of dimension n -1, the inductive hypothesis assures us that W is completely continuous.
Hence, by Theorem 1, T is also completely continuous.
Case II. T is associated with 6°b, b real. This means that T restricted to G2 is the identity operator times the character xo,¡>. In particular, T is the identity operator on C. It follows that T is lifted from an irreducible unitary representation T' of G/C, which is of dimension n -1. By the inductive hypothesis T' is completely continuous; hence so is T. This completes the proof.
